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Anderson metal-insulator transitions

m Disorder-induced quantum phase
transition

m Nonzero disorder: Localized
eigenstates appear

m Critical disorder: Phase transition

Density of states (DOS):

- /f\,\ﬁ -
loc - loc
E, E, E

m Mobility edges E\; separate band
regions of localized and extended
states

Anderson (1958)

Anderson model:
Constant NN hopping,
random site-potentials
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Critical eigenstate
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(broad distribution of «,
maximum at o)

— Multifractality
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Effective model for the impurity band electrons in phosphorus-doped silicon

L The Anderson-Heisenberg model

The Anderson-Heisenberg model

m Si:P exhibits a metal-insulator
transition, driven by both interaction
and disorder

m Further, local magnetic moments have
been found

How do the local magnetic
moments influence the transition?

m Start from Anderson model:

Ho=t Y ljo) <;,g\+z ei |i,o) (i, ol

(ir),o

m Add local exchange coupling to
classical magnetic impurities:

H=Ho+H , Ho=» Jisi-§;
i

E - -

space

m Has been introduced as an effective
model for the impurity band electrons
in Si:P

m Fix concentration of sites carrying a
magnetic moment to nyy = 5%

m Compare Heisenberg impurities
(random orientation, unitary symmetry)
to Ising impurities
(only 14, orthogonal symmetry)

Anderson (1958); Bhatt and Rice (1981); Sachdev (1989); von Léhneysen (2000)
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The kernel polynomial method

Use Chebychev expansion to approximate
the local density of states:

M
n +2 3wl Tn(E)

m=1

e 1
Pi(E) = ———
/1 — E2

Truncation limjt: Finite number M of
coefficients iy,

Chebychev polynomials of first kind:

Tm(x) = cos(m arccos x)

Recursive relations (CP of first kind):

To(x)=1 , Ti(x)=x
Tmi1(x) = 2x Tin(x) — Tm—1(x)

WeiBe et al. (2006)

Chebychev moments us,';) for the LDOS:

5 -0 5 0 015
E E

KPM approximation causes an energy
broadening n. At E = 0:

™

M

M~
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Finite-size scaling of the typical density of states

The typical density of states

ypical density of states

m Geometric average over the local
density of states

pryp(E) = exp(log pi(E))ais
m Scales with W, L, M

® Thermodynamic limit:

i 0 localized
m t =
L—oo Pyp const extended

— Critical at the MIT

Can the typical density of states
be used to determine the MIT?
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Finite-size scaling of the typical density of states

The typical density of states

Yes, but: For finite system size, no clear

Typical density of states distinction possible.

One would need a cutoff. ..

m Geometric average over the local
density of states Anderson model, £ —50, 17 /20

W/t=15
W/t=16
0008 W/t=17

ptyp(E) = exp(log pi(E))dis 1 wye-is

LLL

+
v

m Scales with W, L, M

® Thermodynamic limit:

0002 gf%ﬁ!\;

const extended =T} B 0 s 10

0 localized

lim Pt =
L—oco L

itical he MIT .
—0 (] EE e How to choose a suitable cutoff?

Adjustment to external calibration
parameter necessary. . .
Can the typical density of states
i ?
be used to determine the MIT: Schubert and Fehske (2009)
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Finite-size scaling of the typical density of states

Local density of states (with finite
broadening n):

p(E,rn) = > |wn(r)|* 6(E — Ex,m)

k

Geometric average of local density of
states:

peyp(E) = exp(log pi(E))
At criticality:
Ptyp ~ Ld=eo

Janssen (1998)
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Finite-size scaling of the typical density of states

Two scales:
m Length scale: L/¢

Local density of states (with finite L/¢ < 1: State critical
broadening n): L/&€ > 1: State localized or extended

Energy scale: n/A

2 = gy n

p(E,r,n) = lek(r)l 6(E — Ex,m) n/A — 0: High resolution limit
k n/A — oo: Low resolution limit

Geometric average of local density of
states:

peyp(E) = exp(log pi(E))
At criticality:
Ptyp ~ Ld=eo

Janssen (1998)
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Finite-size scaling of the typical density of states

Local density of states (with finite
broadening n):

p(E,rn) = > |wn(r)|* 6(E — Ex,m)

k

Geometric average of local density of
states:

peyp(E) = exp(log pi(E))
At criticality:
Ptyp ~ Ld=eo

Janssen (1998)

Two scales:

m Length scale: L/¢
L/€ < 1: State critical
L/€ > 1: State localized or extended

m Energy scale: n/A
n/A — 0: High resolution limit
n/A — oo: Low resolution limit

Scaling ansatz:
M= LI""F(L/¢n/A)

Asada et al. (2006)
Alternative form:

M= L9"%0F(eL ¥, paynl?)

_ peyp(E)

ME) = e(E)

’ €=
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Finite-size scaling of the typical density of states

Validity of the scaling ansatz — First argument

— Keep second argument paynlL? fixed.

Approximation: We fix L9 and neglect the disorder dependence of pay(E).

. 1 We-W
T(W,L) =LY% 9F(eLv) , e=—"
We
— Consider a power law for F(x) (second order)
9 8 T T
g 7+ -~ .
6l -~ .
~ 6 ~ *
: - e ST ]
¥ S I
~ 4 =4l |
3 ~
2 3r N
1 L L L L L L L 2 L L 3
-5-4-3-2-10 1 2 3 192 10" 10° 10!
LM ‘ElLl/z/

— General validity proven for the 3D Anderson model
— Obtain W;, ap and v as fit parameters
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The Anderson-Heisenberg model: Fitting results

Apply scaling ansatz to the Anderson-Heisenberg model, vary exchange coupling J

Fit results:

= 20F T T = H T T T T T T T T T T

N Iv*?il S asl il¥¥¥i 1 2 L8 = = 5 Tognit Rasiguere 3. (1T

5 19 Heisenberg - | £ F : g

T 18 1 @42 I Heisenberg 2 1.4F T~ sDuiaiy, sevivand oftsuR (20071

2 s =S Heisenberg

s 17 ;ﬁ_;ﬁ,x;fcgn{aﬂnqu_em_:aum_m_’ (Eu 4.1 D oxthogonal, Rodriguer et l, c011]| @ 12 1 i

© A b — o CrognggRaciguez et 2l (20 = l2f F1t. 3511

S 16} *Egg £ 0 i“{?l.%-.?v;_i oty ﬁ} 1 iii B 1

] Ising 3 S Ising S Ising

Sk 4 F PSS ol
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

Exchange coupling J/t Exchange coupling J/t Exchange coupling J/t

— Expectations qualitatively met

Exception: Loc. length exp. v

Jung, Slevin, and Kettemann (2014), unpublished
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The Anderson-Heisenberg model: Fitting results

Apply scaling ansatz to the Anderson-Heisenberg model, vary exchange coupling J

Fit results:
= 20F T H = _ T T T T T T T T T T
N II;Tjil <.l il¥¥¥i 1| 3 L6 = = Somogm nesimersi s @oril|
5 19¢ 1 Heisenberg - | & ¥ k 3
T 18,}’ 1 940l I Heisenberg 1 2aaf - _HBE.un_wlaerSﬁvm_anu_oisuﬁ(ZFoﬂ_—
e =] eisenberg
s LT R o ot . | = “ﬁ P R % %i
= 0gonal Rodriguesz et al. (20 < 12f g .44 341
2 1er IIsmg CEFg S 4.0 |s|nu{L &2 T d Y 8 ﬁ* } iii . l
Sask .0 . Y BN PR L
0 2 4 6 8 10 0 2 4 6 8 10 Y0 2 4 6 8 10
Exchange coupling J/t Exchange coupling J/t Exchange coupling J/t
. . . Predictions for ¢:
— Expectations qualitatively met Fit Wc(J) for small J: (’0 -
¢ = 2v Khmel'nitskii and
Exception: Loc. length exp. v 5 . . Larkin (1981)
;’ 18 Heisenberg T @ = 2v + 3 Wegner (1987)
. . . ° .
Analytic prediction for W¢(J): s ) — 3 Best fit:
s p=2w+3 2/¢ =0.49 +0.05
We(J) ~ S/ % 2 16} i istincti
E . i — No clear distinction
0.0 0.5 10 ossible within the
Kettemann et al. (2009, 2012) Exchange coupling J/t P
errorbars

Jung, Slevin, and Kettemann (2014), unpublished
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Conclusions

m Effective model for the impurity band
electrons in materials like Si:P

e

-0—¢

-©

m Use kernel polynomial method to
efficiently calculate the local density
of states

m Finite-size scaling of the typical
density of states to estimate critical
parameters

m Compare influence of Heisenberg and
Ising impurities on the Anderson
metal-insulator transition
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Outlook:
m Improve finite-size scaling analysis for
m Effective model for the impurity band quantitative estimation of critical
electrons in materials like Si:P parameters
P m Quantitative analysis of the shift of
the critical disorder W, with
R 'Ir s increasing exchange coupling J
m Obtain full phase diagrams
m Use kernel polynomial method to ) P &
efficiently calculate the local density First attempt:
of states
m Finite-size scaling of the typical N Insulator
density of states to estimate critical “
parameters b
. . S Metal
m Compare influence of Heisenberg and 10
Ising impurities on the Anderson 8
metal-insulator transition 6
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Thank you for your attention!
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The Anderson-Heisenberg model

Full Hamiltonian:
H=Ho + Hs

Anderson model (with spin):

(ij),o

Ho =t Z lj,o) (i, ol +Z i |i,o) (i,o]
i,o

Exchange coupling to classical magnetic impurities

HSZZJ,'S,‘~S,'
i

Pauli matrices:

B R BT

Alternative formulation:

S = —Oj
2

o==+1

Hs —SZJ (cos@ 2 oli,o) (i,o| + sin0; Z exp(ioy;) |i,o) (i, 0'|>
o 1
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Detailed calculation of Chebychev moments

Chebychev moments for the LDOS:
Chebychev moments for the DOS:

= 1N1|<'|/<>|2/1T (E)S(E — Ex)dE 1 N1
=N o J) m X =+ > /Tm(E)(S(E_Ek)dE
=0

1 N—1 ) . _ lN—lT (Ek)
=% ; (1) ]* Ten(Er) N 2

RS —1N71kT )|k
=N (ilk) (k| Tm(F)| K'Y (K'|i) =N k:0< | Tm(H) k)

k,k!=0 .

= %<:\Tm(ﬁ)|,> = Tm(H)

WeiBe et al. (2006)
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Sample variance of the geometric mean |

The arithmetic mean x of a discrete random variable x is defined as

N

Xi (1)
1

X1
Il

=

i

where N is the sample size. It is a good estimator for the population mean. Its
(unbiased) sample variance is well known,

5 1 _\2 x2 X
R . Cy @

We introduce the quantity y, which is defined as the logarithm of the random variable
x, y = log x. Its arithmetic mean and variance is calculated according to (1) and (2),

N
E logx;
i=1

2 u ——,_ (logx)?  Togx"
ay:‘Tlogx:ﬁ;(IOgXi—ng) S N-1T  NN-T)

1

y=logx =

=|
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Sample variance of the geometric mean Il

Now, the geometric mean of x is
z=clo8X = ¢
We estimate the statistical error of z, given by its standard deviation o, by
0 =21 — Q:ey(e"y -1) ,
with

z; =Ty
7z =¢
Assuming oy, to be small, we approximate
oz =¢(e”” - 1)~ eloy,

and hence the estimate of the sample variance of the geometric mean is given by

The same result has been obtained by Norris Norris (1940) using more profound
mathematical arguments.

N
N
o
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The Anderson model |

Anderson model:

H=1t (ch—l—c}c,-)—l—Zsm?q
y i

(i

Random potentials ¢;:

-W/2 0

W': Measure for disorder

2
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The Anderson model |

Anderson model:
Density of states:

H=1t (ch—l—c}c,-)—l—Zsm?q
y i

(ii .
—  W/t=00.00
. 0.14
Random potentials ¢;: —  W/t=05.00
0.12 — W/t=10.00
W/t=15.00
1/W, 0.10
g £ 008
0 0.06
-W/2 F? /2 0.04
0.02 \
W': Measure for disorder 0.00—45 = o 5 m

What happens if translational symmetry
gets lost?
— Bloch theory not applicable anymore

— Bandwidth increases with W
— Van-Hove singularities disappear

Anderson (1958)
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The Anderson model Il

Emergence of localized states in the band
tails.
W > 0: Localized states emerge

ﬂ%m%

A

E

Mobility edges Ey;:
Separating energies of localized and
extended states

Critical disorder W,: Mobility edges
collapse in the band center
— Metal-insulator transition
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The Anderson model Il

. . Phase diagram:
Emergence of localized states in the band
tails.
W > 0: Localized states emerge & 6auss Y 209205
oo %3105

A
p O Lorentz 7-& =38:05

~— m ~—
loc - loc . N
E, E,

wie)®
WelE-0]

Mobility edges Ey;:
Separating energies of localized and
extended states

Critical disorder W,: Mobility edges
collapse in the band center — Mobility edge as function of disorder

— Metal-insulator transition Bulka et al. (1987)
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3D Anderson model: Visualizing eigenstates

Wave function intensity, N = 1203, E = 0

cumulative norm} - — T [cumulative norm T

W/t =15 W/t =16.5 W/t=18
Extended state Critical state Localized state

Rodriguez et al. (2011)

25
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3D Anderson model: Visualizing eigenstates

Wave function intensity, N = 1203, E = 0

cumulative norm} - — T [cumulative norm T

W/t =15 W/t =16.5 W/t=18
Extended state Critical state Localized state

— Multifractal
Rodriguez et al. (2011)

25
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Multifractality

Electronic wave functions at the MIT are
multifractal.

Fractals:
m Self-similarity on all scales

m Fractal dimension D, not necessarily
integer

Multifractal objects:
m More than one fractal dimension D

Wave function intensity:
2 _
()] ~ L7

Broad distribution of exponents a:

(a—ag)?

P(a) = L @o—d)

Evers and Mirlin (2008); Kettemann et al. (2009)
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Multifractality

Electronic wave functions at the MIT are
multifractal.

Fractals:
m Self-similarity on all scales

m Fractal dimension D, not necessarily
integer

Multifractal objects:
m More than one fractal dimension D

Wave function intensity:
2 _
[w(0)]" ~ L7
Broad distribution of exponents a:

_ (a—ag)?
P(a) = L~ #«0—9)

Evers and Mirlin (2008); Kettemann et al. (2009)

Singularity spectrum f(a):

-+ metallic
d = critical

d o,

— Approximately parabolic, with
maximum at ag

Interpretation of f(a):
Fractal dimension of those points in space
where the WFI scales like L~¢.

Multifractal analysis: Obtain critical
parameters of the MIT with high precision
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Kernel damping

Tz bk (7ie hon Comparison of different kernels:

--- Dirichlet kernel
— Jackson kerel
©  Gaussian (0=n/64)

m Strong oscillations near sharp features
(sharp peaks, discontinuities) 15

— Lorentz kernel (i=4)
o Lorentzian (e=1/64)

m Solution: Multiply Chebychev
moments by kernel factors

8 function
step function

Dirichlet kernel (trivial case):

-0.2
gn =1 " ’
Jackson kernel (best for DOS and LDOS):
Apply kernel:
M — m+1)cos 2™ + sin 2™ cot 2~
gn = ( o5 waix Ml Ml fim — Gmlim

M+1

WeiBe et al. (2006)
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Spectral dependence of the energy resolution

KPM + Jackson kernel

m S-peak at E = (E — b)/a is well approximated by a Gaussian of width 7 (HWHM)
m 7} depends on the spectral variable X € [—1,1]

452 -3
1= 4 ==, ¢=m/(M+1)

() = \/ M=SEM 1) () cos(26)) ~

K
2(M +1) M

Simple form at X = 0: B BT R A N R 1
\ KPM VMKPM

T A

X 1

. ™
n~= -

M

Possibility to adjust the truncation limit M to keep 7n constant
— Variable-moment KPM (VMKPM)
Schubert and Fehske (2009)
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